Finite groups with specific number of cyclic subgroups by Kalra, Hemant
ar
X
iv
:1
80
5.
00
64
7v
2 
 [m
ath
.G
R]
  7
 M
ay
 20
18
Finite groups with specific number of cyclic subgroups
Hemant Kalra
School of Mathematics
Thapar University, Patiala - 147 004, India
E-mail:happykalra26@gmail.com
In this note, we classify all finite groups having exactly 6, 7 or 8 cyclic subgroups.
This gives a partial answer to the open problem posed by Ta˘rna˘uceanu (Amer.
Math. Monthly, 122 (2015), 275-276). As a consequence of our results, we also
obtain an important result concerning with the converse of Lagrange’s theorem.
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1 Introduction Let G be a finite group and let c(G) denote the set of all cyclic
subgroups of G. In this note, we work on a basic problem of group theory. It is always
interesting and worthwhile to classify finite groups with specific properties. Recently,
Ta˘rna˘uceanu [5] proved that a finite group G has |G| − 1 cyclic subgroups if and only if
G is one of the C3, C4, S3 or D8. In the same paper, he posed an open problem:
Open problem. Describe the finite groups G satisfying |c(G)| = |G| − r, where
2 ≤ r ≤ |G| − 1.
Motivated by his work, Zhou [6] found all finite groups G with |c(G)| equal to 3, 4
or 5. In this note, we give a partial answer to the above posed problem and classify all
finite groups G satisfying |c(G)| = |G| − r, where r = |G| − 6, |G| − 7 or r = |G| − 8.
Equivalently, we classify all finite groups G having exactly 6, 7 or 8 cyclic subgroups. As
a consequence, we also give a very short and easy proof of the main result of Zhou [6].
In Section 3, we collect some basic results. We compute number of cyclic subgroups of G
whenever order of G is pq or p2q, where p and q are primes. As a consequence, we also
prove that A4, (the group of all even permutations on four symbols) is the only group
of the order p2q, where p < q, for which the converse of Lagrange’s theorem is not true.
We, also compute the order of c(G), when G is a finite p-group of order less or equal to
p4. Using these results as building blocks, we derive our main results in Section 4 which
classifies all finite groups G with |c(G)| = 6, 7 or 8.
2 Notations and Preliminary Lemmas For any positive integer n, let d(n) denote
the number of positive divisors n and φ(n) denote the number of positive integers less
than and relative prime to n respectively; by Cn we mean a cyclic group of order n. For
a prime p, np denote the number of Sylow p-subgroups of the group G. Observe that, if
G is a finite elementary abelian group of order pn, then G has pn−1 + pn−2 + . . .+ p+ 2
cyclic subgroups. The following result is due to Richards [2, Theorem]. We use this
result quite frequently in the proofs of Section 4 without any further reference.
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Lemma 2.1. Let G be a group of order n. The number of cyclic subgroups of G is
greater than or equal to d(n). Furthermore, the number of cyclic subgroups of G is d(n)
if and only if G is cyclic.
Lemma 2.2. Let G be a finite group and let n divides the order of G. Then the number
of cyclic subgroups of order n is equal to
number of elements of order n
φ(n) .
3 Groups of Small Order In this section, we compute number of cyclic subgroups
of G, when order of G is pq or p2q, where p and q are distinct primes. We also show that
there is a close relation in computing |c(G)| and the converse of Lagrange’s theorem.
Lemma 3.1. Let G be a finite non-abelian group of order pq, where p and q are distinct
primes and p < q. Then |c(G)| = q + 2.
Proof. It follows from Sylow’s theorem that G has a unique Sylow q-subgroup. Since G
is non-abelian, the number of Sylow p-subgroups of G are q. Also, the group G has an
identity subgroup. Thus G has q + 2 cyclic subgroups.
Proposition 3.2. Let G be a finite group of order pq2, where p and q are distinct primes
and p < q. Then |c(G)| = 6, 2q + 4, q2 + 3, q2 + q + 2, 2q + 3, or 3q + 2.
Proof. First suppose that G is abelian. If G is cyclic, then |c(G)| = 6. Assume that
G is non-cyclic abelian group. It follows from the Sylow’s theorem that the group G
has a unique Sylow p-subgroup and a unique Sylow q-subgroup respectively and hence
(p−1)(q2−1) elements of order pq. Thus G has 2q+4 cyclic subgroups. Next, we assume
that G is non-abelian. It follows from Sylow’s theorem that nq = 1 and np is either q
or q2. Observe that if np = q
2, then G has q2(p − 1) elements of order p and hence G
has no element of order pq. First suppose that the unique Sylow q-subgroup is cyclic
and np = q
2. Thus |c(G)| = q2 + 3. Now, suppose that the unique Sylow q-subgroup
of G is elementary abelian. Thus G has q + 1 cyclic subgroups of order q. If np = q
2,
then |c(G)| = q2 + q + 2. Assume that np = q. The group G has q(p − 1) elements of
order p. Also, the group G has unique Sylow q-subgroup. Thus remaining non-trivial
elements of G are of order pq. Hence G has q cyclic subgroups of order pq. If unique
Sylow q-subgroup is cyclic and np = q. Then |c(G)| = 2q + 3. And, if unique Sylow
q-subgroup is elementary abelian and np = q, then as in above case |c(G)| = 3q + 2.
Proposition 3.3. Let G be a finite group of order p2q, where p and q are distinct primes
and p < q. Then |c(G)| = 6, 2p+ 4, pq + 4, q + 4 or 2q + 2.
Proof. If G is cyclic, then |c(G)| = 6. Assume that G is abelian but not cyclic. Then the
unique Sylow p-subgroup of G is elementary abelian. Thus G has p+1 cyclic subgroups
of order p, a unique Sylow q-subgroup and hence p+1 cyclic subgroups of order pq. Thus
|c(G)| = 2p + 4. Observe that if p ∤ q − 1, then G is abelian by Sylow’s theorem. In
that case, we have already computed the number of cyclic subgroups. If p | q − 1 but
p2 ∤ q − 1, then there are two non-abelian groups by [1, Page 76-80]. The first group
G1 = 〈a, b, c | a
q = bp = cp = 1, bab−1 = ai, ca = ac, cb = bc, ordq(i) = p〉.
Observe that G1 = 〈a, b〉⊕ 〈c〉. It follows from Lemma 3.1 that 〈a, b〉 has q subgroups
of order p. Let a1 = (x, y) ∈ G1 be any element. Then |a1| = p only if, |x| = p and
|y| = p or |x| = p and |y| = 1 or |x| = 1 and |y| = p. Thus G1 has p
2q − pq + p − 1
elements of order p and hence pq + 1 cyclic subgroups of order p. Similarly, it is easy to
see that G1 has a unique cyclic subgroups of order q and pq. Thus |c(G1)| = pq + 4.
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The second group
G2 = Zq ⋊ Zp2 = 〈a, b | a
q = bp
2
= 1, bab−1 = ai, ordq(i) = p〉.
Using the fact ba = aib and ordq(i) = p and induction, we have b
pa = ai
p
bp =
a1+kqbp = abp, for some integer k. Thus bp ∈ Z(G2). Observe that every element of G2
can be written in the form arbs, where 1 ≤ r ≤ q and 1 ≤ s ≤ p2. Claim that
(arbs)n = a(r(1+i
s+i2s+...+i(n−1)s)bns.
We prove it, by using induction on n. If n = 1, then the result is trivially true. Assume
that result is true for n− 1. Now, consider
(arbs)n = (arbs)n−1(arbs)
= a(r(1+i
s+i2s+...+i(n−2)s)b(n−1)sarbs
= a(r(1+i
s+i2s+...+i(n−2)s)ar(i
(n−1)s)bns
= a(r(1+i
s+i2s+...+i(n−1)s)bns.
Since ordq(i) = p,
(arbs)p = a(r(1+i
s+i2s+...+i(p−1)s)bps = 1,
only if, s is a multiple of p and r = q. Thus G2 has (p−1) elements of order p. The group
G2 has q distinct Sylow p-subgroups of order p
2. Therefore G2 has pq(p− 1) elements of
order p2. The number of elements of order pq in G2 are
p2q − (p− 1)− pq(p− 1)− q − 1 + 1 = (p− 1)(q − 1).
Thus G2 has unique cyclic subgroup of order pq. Hence |c(G2)| = q + 4.
If p2 | q − 1, then it follows from [1, page 76-80] that there are three non-abelian
groups. We have both groups G1 and G2 of above case together with G3. If G is one of
G1 or G2, then we have already calculated number of cyclic subgroups. Let
G = G3 = Zq ⋊ Zp2 = 〈a, b | a
q = bp
2
= 1, bab−1 = ai, ordq(i) = p
2〉.
Observe that G3 has a unique Sylow q-subgroup and q Sylow p-subgroups, respectively.
Thus G3 has pq(p− 1) elements of order p
2. Since ba = aib, every element of G3 will be
written ambn for some integer m and n. Consider any non-identity ambn element of G3,
where 1 ≤ m ≤ q and 1 ≤ n < p2. Then as in the above case (ambn)p = armbpn, where
r = 1 + in + i2n + . . .+ i(p−1)n. Observe that if p | n, then
r =
ipn − 1
in − 1
≡ 0 (mod q), because, ordq(i) = p
2.
Thus armbpn = 1, only if p|n and m can take any value. Thus G3 has (p− 1)q elements
of order p and thus G3 has no subgroup of order pq. Hence |c(G3)| = 2q + 2.
Remark 3.4. There is one more non abelian group in the case if p = 2 and q = 3 of
order 12. Up to isomorphism, there are only three non-abelian groups of order 12: D12,
A4 and Z3⋊Z4. The groups D12 (the group G1) and Z3⋊Z4 (the group G2) have already
been covered in above theorem and |c(A4)| = 8.
One of the most important theorems of group theory is Lagrange’s theorem, which
states that: In a finite group G the order of a subgroup divides the order of the group.
The converse of this theorem is true for all finite abelian groups. But, for the non abelian
groups, the converse is not true in general. The smallest order of a group G for which
converse is not true is 12 = 223 and the group G is A4. It has been known since 1799
that A4 has no subgroup of order 6. Quite surprisingly, in the following theorem, we
prove that A4 is the only group of the order p
2q, where p < q, which has no subgroup of
the order pq = 2× 3 = 6.
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Theorem 3.5. Let G be a finite non-abelian group of the order p2q, where p and q are
primes and p < q, such that the converse of Lagrange’s theorem is not true. Then G = A4
Proof. It is sufficient to show that if G 6= A4, then G has a subgroup of order pq. Let
|G| = p2q, where p < q. Then it follows from the proof of the Proposition 3.3, G has
either a normal subgroup of order p or q. Thus except A4, every group G of order p
2q
has a subgroup of order pq. This proves the result.
Proposition 3.6. Let G be a finite abelian p-group such that G = Cpn × Cpm , where
n ≥ m. Then number of cyclic subgroups of order pr is
=
{
pr−1(p+ 1) if 1 ≤ r ≤ m
pm if m < r ≤ n
}
.
Proof. First assume that 1 ≤ r ≤ m. Let aibj , where 1 ≤ i ≤ pn and 1 ≤ j ≤ pm be any
element of G. Observe that (aibj)p
r
= 1 only if i is a multiple of pn−r and j is a multiple
of pm−r. Thus each i and j has pr choices. Hence the number of elements aibj such
that (aibj)p
r
= 1 are p2r. Similarly number of elements aibj such that (aibj)p
r−1
= 1
are p2r−2. Thus G has p2r − p2r−2 elements of order pr, and number of cyclic subgroups
of order pr is p
2r
−p2r−2
pr−1(p−1) = p
r−1(p + 1). If m < r ≤ n, then as above, it is not very hard
to show that the number of elements aibj such that (aibj)p
r
= 1 is pr+m and number of
elements aibj such that (aibj)p
r−1
= 1 are pr−1+m respectively. Thus G has pm cyclic
subgroups of order pr.
Remark 3.7. The above result can be generalized for arbitrary finite abelian p-group.
Using the same technique, it can be seen that if G = Cp2 ×Cp×Cp, then G has p
2+p+1
cyclic subgroups of order p and p2 cyclic subgroups of order p2. Thus |c(G)| = 2p2+p+2.
The following table represent the number of cyclic subgroups for all the finite groups
of the order p3. If G is an abelian group, then |c(G)| is obtained from Proposition 3.6
and, if G is non-abelian p-group, where p is odd, then the result follows from [4, Page
62 and 64]. It is also worthwhile to mention here, statha et al. in [4] used combinotorial
technique to compute the number of cyclic subgroups of a finite group. But in this paper,
we used only group theoretic techniques only.
Table 1:
S. No. Groups of order p3 |c(G)|
1. G = Cp3 4
2. G = Cp2 × Cp 2p+ 2
3. G = Cp × Cp × Cp p
2 + p+ 2
4. G = D8 7
5. G = Q8 5
6. G = 〈a, b, c | ap = bp = cp = 1, ba = ab, ca = abc, cb = bc〉, p > 2 p2 + p+ 2
7. G = 〈a, b | ap
2
= bp = 1, ba = ap+1b〉, p > 2 2p+ 2
Next, we calculate the number of cyclic subgoups of all finite p-groups of order p4.
The list of groups of order 24 is given in [3]. There are 14 groups of order 16. Out of them
nine are non-abelian. We write the ith group of order 16 in the list as Gi and generators
1, 2, 3 and 4 respectively x, y, z and w. The groups G6 to G11 are of nilpotency 2 and
G12 to G14 are of class 3. In the following proposition, we take one group G6 out of the
groups G6 to G11 of class 2 and a group G12 out of the groups G12 to G14 of class 3 and
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find the number of cyclic subgroups for these groups. Similarly, one can compute |c(G)|
if G is one of G7 to G11 or G is one of G12 or G13. We write |c(Gi)| for 6 ≤ i ≤ 14 in
Table 2.
Proposition 3.8. Let G be a non-abelian group of order 24. If
G = G6 = {x
4, y2, z2, [x, y]x2, [x, z], [y, z]},
then |c(G)| = 14 and if
G = G12 = {x
8, y2, [x, y]x2},
then |c(G)| = 12.
Proof. First suppose that G = G6. Observe that every element of G will be written in
the form xiyjzk, where 1 ≤ i ≤ 4, 1 ≤ j ≤ 2 and 1 ≤ k ≤ 2 and Z(G) = 〈x2, z〉. Thus
nilpotency class of G is 2, and hence (xiyjzk)2 = x2iy2j [yj , xi] = x2iy2jx2ij = 1, only
if j = 1 and i, k can take any values or j = 0 and i = 2, 4 and k can take any value.
Also (xiyjzk)4 = 1 for any values of i, j and k. Thus G has 11 elements of order 2 and 4
elements of order 4 and one identity. Hence |c(G)| = 14. Let
G = G12 = {x
8, y2, [x, y]x2}.
Observe that cl(G) = 3, yx = x7y and every element of G will be written in the form
xiyj, where 1 ≤ i ≤ 8 and 1 ≤ j ≤ 2 and
(xiyj)2 =
{
x2i if j = 0
x8i if j = 1
}
.
Thus G has 9 elements of order 2, two elements of order 4 and 4 elements of order 8.
Hence |c(G)| = 12.
From the Propositions 3.6 and 3.8 and Remark 3.7, we constitute the following table
(Table 2) consisting the number of cyclic subgroups of a group G for the cases, either G
is an abelian group of order p4 or G is a non-abelian group of order 16.
Table 2:
S. No. Abelian groups of order p4 and non-abelian groups of order 24 |c(G)|
1. G = Cp4 5
2. G = Cp3 × Cp 3p+ 2
3. G = Cp2 × Cp2 p
2 + 2p+ 2
4. G = Cp2 × Cp × Cp 2p
2 + p+ 2
5. G = Cp × Cp × Cp × Cp p
3 + p2 + p+ 2
6. G = G6 = {x
4, y2, z2, [x, y]x2, [x, z], [y, z]} 14
7. G = G7 = {x
2y−2, z2, [x, y]x2, [x, z], [y, z]} 10
8. G = G8 = {y
2, z2, [y, z]x2, [x, y], [x, z]} 12
9. G = G9 = {x
2, y4, [x, y, x], [x, y, y]} 12
10. G = G10 = {x
4, y4, [x, y]x2} 10
11. G = G11 = {x
2y−8, [x, y]y4} 8
12. G = G12 = {x
8, y2, [x, y]x2} 12
13. G = G13 = {y
2, [y, x]x2} 10
14. G = G14 = {x
4y−2, [x, y]x2} 8
Here, we assume that G is a non-abelian group of order p4, where p an odd prime.
It follows from [1] that there are 10 such groups upto isomorphism. These groups are
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also written on [4, Page 35]. In [4] these groups are numbered from (vi) to (xv). In this
paper, we number them G(vi) to G(xv). Observe that the groups G(xii), G(xiii) and
G(xv) have two different presentations, one for p = 3 and the other for p > 3. In [4,
Chapter 2] the number of cyclic subgroups of these groups have been calculated except
for the groups G(xii), G(xiii) and G(xv) and when p = 3. In the following proposition,
we calculate |c(G)|, for these groups G when p = 3.
Proposition 3.9. Let G be a non-abelian group of order 34 such that G is one of the
G(xii), G(xiii) or G(xv). Then |c(G)| = 17, 23 or 35.
Proof. First, suppose that
G = G(xii) = 〈a, b, c | a9 = b3 = 1, c3 = a3, ab = ba4, ac = cab2, bc = cb〉.
Consider, [a3, b] = [a, b]3 = a9 = 1, thus a3 ∈ Z(G). Using this fact ca = abc and
ba = a7b, we have ckai = ai+3ki(i−1)bikck and bjai = ai(1+6j)bj, where 1 ≤ i ≤ 9,
1 ≤ j ≤ 3 and 1 ≤ k ≤ 3. Thus every element of G is written in the form aibjck for some
integers i, j and k. From the above relations, we get (aibjck)3 = a3(i+k+2i
2k). Therefore
(aibjck)3 = 1, only if 1 ≤ j ≤ 3, k = 3 and i ∈ {3, 6, 9}. Thus G has 8 elements of order
3. Also, observe that exp(G) = 9. Thus G has 72 elements order 9. Hence |c(G)| = 17.
For other two groups, similarly |c(G)| can be calculated.
Table 3:
S. No. Non-abelian groups of order p4, p odd |c(G)|
1. G(vi) = 〈a, b | ap
3
= bp = 1, ba = a1+p
2
b〉 3p+ 2
2. G(vii) = 〈a, b, c | ap
2
= bp = cp = 1, ba = ab, ca = ac, cb = apbc〉 2p2 + p+ 2
3. G(viii) = 〈a, b | ap
2
= bp
2
= 1, ba = a1+pb〉 p2 + 2p+ 2
4. G(ix) = 〈a, b, c | ap
2
= bp = cp = 1, ba = a1+pb, ca = ac, cb = bc〉 2p2 + p+ 2
5. G(x) = 〈a, b, c | ap = bp = cp = 1, ba = ab, ca = abc, bc = cb〉 2p2 + p+ 2
6. G(xi) = 〈a, b, c | ap
2
= bp = cp = 1, ba = a1+pb, ca = abc, bc = cb〉 2p2 + p+ 2
7(i). G(xii) = 〈a, b, c | ap
2
= bp = cp = 1, ba = a1+pb,
ca = a1+pbc, cb = apbc〉, p > 3 2p2 + p+ 2
7(ii). G(xii) = 〈a, b, c | ap
2
= bp = 1, cp = ap,
ab = ba1+p, ac = cab−1, cb = bc〉, p = 3 17
8(i). G(xiii) = 〈a, b, c | ap
2
= bp = cp = 1, ba = a1+pb,
ca = a1+dpbc, cb = adpbc, d 6≡ 0, 1(mod p)〉, p > 3 2p2 + p+ 2
8(ii). G(xiii) = 〈a, b, c | ap
2
= bp = 1, cp = a−p,
ab = ba1+p, ac = cab−1, cb = bc〉, for p = 3 23
9. G(xiv) = 〈a, b, c, d | ap = bp = cp = dp = 1,
dc = acd, bd = db, ad = da, bc = cb, ac = ca, ab = ba〉 p3 + p2 + p+ 2
10(i). G(xv) = 〈a, b, c, d | ap = bp = cp = dp = 1,
ba = ab, ca = ac, da = ad, cb = bc, db = abd, dc = bcd〉, p > 3 p3 + p2 + p+ 2
10(ii). G(xv) = 〈a, b, c | ap
2
= bp = cp = 1, ab = ba,
ac = cab, bc = ca−pb〉, p = 3 35
It follows from Table 3 that if G is a non-abelian group of order p4, (p-odd prime).
Then |c(G)| ≥ 11.
4 Main Results We are now ready to prove our main results.
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Theorem 4.1. Let G be a finite group. Then |c(G)| = 6 if and only if G ≃ Cp5 , Cp2q,
Cpq2 or C2 × C4, where p and q are distinct primes and p < q.
Proof. Assume that |c(G)| = 6. Thus order G is divisible by at most two distinct primes
by Lemma 2.1. If |G| = paqb, where p < q are distinct primes, then either 1 ≤ a ≤ 2 and
b = 1 or a = 1 and 1 ≤ b ≤ 2. And, also If, either a = 1 and b = 2 or a = 2 and b = 1,
then G is cyclic. The order of G cannot be pq by Lemma 3.1. Next, assume that G is a
finite p-group. Thus |G| ≤ p5. If |G| = p5, then G = Cp5 and if |G| ≤ p
4, then the result
follows from Table 1, Table 2 and Table 3 that G = C2 × C4.
Theorem 4.2. Let G be a finite group. Then |c(G)| = 7 if and only if G is one of the
D8, D10, Z3 ⋊ Z4, C5 × C5 or Cp6 , where p is a prime.
Proof. First suppose that |c(G)| = 7. Let |G| = paqb, where p < q, then either 1 ≤ a ≤ 2
and b = 1 or a = 1 and 1 ≤ b ≤ 2. If a = b = 1, then G = D10 by Lemma 3.1. There
do not exist any group if a = 1 and b = 2 by Proposition 3.2. If a = 2 and b = 1, then
it follows from the proof of Proposition 3.3 that G = Z3 ⋊ Z4. Next, we assume that G
is a p-group. If |G| = p6, then G = Cp6 . Assume that |G| = p
5. If G has a non cyclic
subgroup of order p4, then it follows from Table 2 and Table 3 that there do not exist
any group. Assume that every subgroup of order p4 is cyclic. Let H be a cyclic subgroup
of order p4. Observe that G has at least p5− p4 ≥ p4 elements that are distinct from the
elements of H . Since every element of G must lie in some cyclic subgroup, |c(G)| ≥ 9. If
p3 ≤ |G| ≤ p4, then it follows from Table 1, Table 2 and Table 3 that G = D8. And, if
|G| = p2, then G = C5 × C5.
Theorem 4.3. Let G be a finite group. Then |c(G)| = 8 if and only if G is isomorphic
to one of the followings:
(a) Cpqr , Cp3q, Cpq3 , Cp7 or an abelian but non-cyclic group of order 4q, where p < q <
r, are distinct primes,
(b) C23 × C2, C2 × C2 × C2 or C32 × C3,
(c) G11 = {x
2y−8, [x, y]y4}, G14 = {x
4y−2, [x, y]x2}, 〈a, b | a3
2
= b3 = 1, ba = a4b〉, or
A4.
Proof. Assume that |c(G)| = 8. Then the order of G is divisible by at most three distinct
primes. If |G| = paqbrc, where a, b and c are positive integers, then G = Cpqr. Let
|G| = paqb. Then, either 1 ≤ a ≤ 3 and b = 1 or a = 1 and 1 ≤ b ≤ 3. If |G| = p3q or
pq3, then G is cyclic. The order G cannot be pq by Lemma 3.1. Assume that |G| = p2q.
It follows from the proof of the Proposition 3.3 and Remark 3.4 that either G is an abelian
of order 4q, where q is odd prime, or G = A4. If a = 1 and b = 2, then there do not
exist any group by Proposition 3.2. Next, we suppose that G is a p-group. If |G| = p7,
then G = Cp7 . There does not exist any group of order p
5 or p6 can be proved using the
similar arguments as in Theorem 4.2. If |G| = p4, then G is one of the C23 ×C2, G11 or
G14 in Table 2. If |G| = p
3, then by Table 1, G is one of the C2 × C2 × C2 or C32 × C3
or G = 〈a, b | a3
2
= b3 = 1, ba = a4b〉.
In the next result, we gave a very short proof of the main theorem of Zhou [6, Theorem
2.4].
Corollary 4.4. Let G be a finite group. Then |c(G)| ≤ 5 if and only if G is a subgroup
of Cp4 or G ≃ S3, C3 × C3, Q8, Cpq or C2 × C2, where p and q are distinct primes.
Proof. We first assume that |c(G)| = 1 or 2. Then trivially |G| = 1 or p. Since |c(G)| ≤ 5,
either G is a p-group of order less that or equal to p4 or |G| = pq. Thus, the result follows
from Lemma 2.1, Lemma 3.1, Table 1, Table 2 and Table 3.
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